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ABSTRACT. It is shown that a product of several copies O%A(m is a uni-
versal @-nuclear space if the power series space A( with B¢ =

—log(¢‘l(l/\jk t1), k e {0, 1,2, e }, is #-nuclear; here @ =[0, =) —[0, )

is a continuous, strictly increasing subadditive function with ¢(0) =0. In case
A([f"’) is not ¢nuclear the sequence space A(lg) is a ¢-nuclear space with the
property that every ¢-nuclear space is isomorphic to a subspace of a product

of AUQ) if lim sup,_ (A ()™ (V) < o0,

1. Introduction. In [3] Diestel, Morris, and Saxon studied varieties of locally
convex Hausdorff spaces, i.e. classes of locally convex Hausdorff spaces closed
under the formation of subspaces, separated quotients, arbitrary products, and
isomorphic images. They showed that each variety {0 generated by a single
locally convex space has a universal generator, i.e. C contains a locally convex
space E such that each locally convex space F € U is isomorphic to a subspace
of a product of copies of E. For the variety Jl of nuclear spaces Komura and
Komura [7] proved that the Fréchet space s of rapidly decreasing sequences is a
universal generator. In [11] Ramanujan proved that the strong dual [I\(OL)]I; of the

power series space A(a) where sup azna;l <oo for a = ian¥ is a univer-

n€Np
A ©f A(a)-nuclear spaces. As a special case he

obtained Martineau’s result [8] that the strong dual (S)I; of the Fréchet space s

sal generator for the variety JU

is a universal generator for the variety Jl s of s-nuclear spaces.

In this paper we describe concrete universal generators for the variety U ¢ of
¢-nuclear spaces where ¢: [0, ) — [0, «) is a continuous, strictly increasing,
subadditive function with 4(0) = 0 (cf. [13]). Generalizing a result of KGmura and
Komura [7] we obtain the power series space A(8®) with Bf == log (¢~ M1/NVEFT)),
k € N, as a universal generator for the variety JU b if A(B¢) is ¢-nuclear; for
¢p(t) =tP, 0<p <1, we get the power series space s.

For functions ¢ with the additional property that lim sup 0 (p(e))= l<;15(\/t_)
< oo — this especially implies that the power series space A(ﬁ"g) is not ¢rnuclear—
we obtain a result similar to the case of A(a)-nuclear spaces; it is shown that in
this case the sequence space A(l;) is a universal generator for N1 é*
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2. Notation and terminology.

2.1. For terminology not explained here see [5] or [10]. Let E always be a
locally convex Hausdorff space; we denote by U(E) a fundamental system of
neighbourhoods of 0 (neighbourhood base at 0) consisting of closed, absolutely
convex, and absorbing neighbourhoods of 0. Given U € WE), let by be the
corresponding seminorm defined by p,(x) = inf {a > 0: U € aU}. We shall consider
the linear space E(U) := E/ker p; normed by p,;, and the completion EW) of
E(U). Given two neighbourhoods of 0, U, V € U(E) with V C alU for some a> 0
(written V < U), the canonical map E(, U) is the linear map of E(V) onto E(U)
which associates the element x(U) to the equivalence class x(V); E(V, U) is
continuous, and E(V, U) is its unique continuous extension to the completions.

2.2. For two subsets A, B CE with A C aB for some a > 0 (written A <B)
and for a subspace ECE with dim E, <n, we define

8(4, B; E) := infl6 > 0: ACSB + E_}.

The nediameter of A with respect to B (in the sense of Kolmogorov) is then
defined by

8 (A, B) := inf{(A, B; E ): E_CE,dim E_<n}
n n n n

for n € Ny :=10, 1, 2, -+ }. It is immediately clear that for U, V € U(E) we have
8,(v, U) =8 (v(U), UW)), n € N, where V(U) (resp. U(U)) is the set of all
equivalence classes v(U) (resp. u(U)) with v € V (resp. u € U) in E(U).

2.3. Let B(E) be the set of all closed, absolutely convex, and bounded sub-
sets of E. For B € B(E), we consider the normed linear space E(B) :={x € E:
x € aB for some a > 0} with the norm pg defined by pB(x) := inf {a > 0: x € aBl.
Since for A € B(E) and U € U(E) we have A <U, the canonical map E(4, U) of
E(A) into E(U) is defined by E(A, U)x = x(U) for x € E(A). For two subsets
A, B € B(E) with A <B, the canonical map E(A, B) of E(A) into E(B) is defined
by E(A, B)x = x for x € E(A). E(A, B) again is linear and continuous. The
strong dual [E(U)}, of the Banach space E(U) can be identified with the Banach
space E'(U°), where U° is the polar of U € U(E).

2.4. Let P be a set of scalar sequences p = {pn}n €N such that (i) p, > 0
for each n € N, (ii) for each n € N there exists a sequence p € P such that
P, > 0, and (iii) for each sequence p € P and each o € P there exists a sequence

7 € P such that sup {an, pnl <, foreach n € No. We define the sequence space
A(P) by

AP {6 = 16y 2 = 3 16lpy < o for each p e ).
k= »
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The seminoms p o P € P, define a Hausdorff, locally convex topology on A(P),
A(P) is complete.

A special class of sequence spaces which we shall consider W1ll be the power
series spaces (of infinite type). Let P be a set of sequences {p }kENo with
0<p<oo, where a = {a klken, is 2 sequence such that 0<a <@, <a,<eee
The sequence space A(P) obtamed from this set P is called the power series
space A(a). A(a) is provided with the topology generated by the seminorms
p, (€)= 30, |§k|m“k, m€N={1,2,...}. Thecase a, =log(k+1), k € N,
gives the space s of rapidly decreasing sequences.

2.5. Following Diestel, Morris, Saxon [3], we call a nonempty class O of
locally convex spaces a variety if it is closed under the operations of taking sub-
spaces, quotient spaces, (arbitrary) cartesian products and isomorphic images.

Let C be a class of locally convex spaces and let C(C) be the intersection
of all varieties containing C. Then O(C) is said to be the variety generated by
C. If C consists of a single locally convex space E, then 0(C) = C(E) is said
to be singly generated. If a variety O contains a locally convex space E such
that each locally convex space in O is isomorphic to a subspace of a product of
copies of E, then E is called a universal generator for .

2.6. We shall consider the set ® of all continuous, strictly increasing, sub-
additive functions ¢: [0, =) — [0, ) satisfying the condition ¢(0) = 0. For any
such function ¢ € ® we shall denote by / ¢ the collection of all real sequences
that are summed by ¢, i.e. satisfying the condition

Z BI€,D < oo

k=0
By a result of Bessaga, Pefczyriski, Rolewicz [1] each function ¢ € D is
equivalent to A2 concave funcuon ¢ € ® (i.e. equivalent to a function ¢ ed
satisfying A(qb(S) + ¢(t)) < @(s +1)/2) for s, t € [0, o). Since ¢ € ® the func-
tion a¢ belongs to @ for any nonnegative real scalar o, we may always assume
that ¢ € ® is concave and is satisfying the condition ¢(1) = 1. It is clear that
l4 depends only on the behavior of ¢ € ® in an arbitrarily small interval [0, ¢).

€leen

Examples.
(€Y $,() =1 for 10, ), 0<p<1.
0 for t =0,
(i) ¢’log(’) ={-a/logt for t€(0, t ], t sufficiently small,

bt+c for t>1¢,,

where a, b, ¢ € R are chosen in such a way that ¢los € C![0, =) and ¢b8(l) =1
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0 for t =0,
(iii) YP(@) = a, exp (~(log 1/8)?) for ¢ € (0, 4],
bpt+cp for t> ¢,

with 0<p <1, t, sufficiently small, and where a, b, c, € R are again chosen
in such a way that ? € C![0, ) and *(1) = 1. For p=1, we get $1(t) = ¢, () = 1.

2.7. In [13] a locally convex space E is called ¢-nuclear, ¢ € ®; if a
fundamental system U(E) has the property that for each U € U(E) there exists a
V € U(E) such that V < U and {8 (V, U)}neNo €ly Forg,€®, 0<p<1, E
is nuclear [10, 9.4.1 ] It is easily seen that each ¢-nuclear space is nuclear.

2.8. Let X and Y be two normed linear spaces and T be a continuous linear
map on X into Y. T is called ¢-nuclear [12], if it admits the representation

00
Tx = IEI )\kak(x)yk for each x € X

where 1A}, \ € lgy @, € X', a, | <1, and ¥, € Y with "yk[l <1. For
¢ =¢,, T is nuclear. For Hilbert spaces X, Y a nuclear operator can be written
in the form

Te= 3 8 (TW), Vs, e ).
=0

where U (resp. V) is the unit ball of X (resp. Y) and {en}neuo (resp. {f }

n€ No)
is a complete ON system in X (resp. Y) [10, 8.3.2 ].

3. Preliminary results. In this section we present some results which will
be used later. The proof of the following lemma can be found in [9, 1.13].

Lemma 3.1. A necessary and sufficient condition that convergence of the
series 7oy QIE,]), & € @, implies convergence of the series .o yY(|€,]),
Yy ed, (ie. l¢ C I",,), is the existence of positive numbers M and € such that
Y)<Mp (@) for 0<t<e

A more compact way of characterizing the relation / ¢ C ly is to say
lim sup, o Y(2)/(2) < eo.
We also need the following generalization of the Holder inequality.

Lemma 3.2, Let ¢ € ®. Then we have
T )<l (X sep)” (£ sap)”
k=1 k=1 k=1

(p~'+47 1 =1, 1<p <) for sequences {'szkeNo’ {nk*kENo of nonnegative
numbers such that the series on the right side converge.
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Proof. By the well-known inequality @ < p’lci + q"ldz, k € N, valid for
cpd,>0and p=l+ 971 =1, 1<p <o, and with

0o -1/ 00 =1/ .
(B o) demn (g en) T nen

(here we may assume that the series do not vanish), we find that

sled) <o (e fé #ep) )« #(na™ ( ; #0r) Y

) -1 o0 -1
<max {157 (X 60) "} piep) + e fis o7 (X ) Joted)
k=1 k=1
for & € N. On the other hand we obtain the following inequality:

o3 90) (5 o) e

2 7' g ¢<§g>)'"” (& $0) ™ 4ie,n,)

where M := min {C > 1: C(Z7.; ¢o(§£))l/p (0 ¢(7)Z))Vq > 1}

For n € N we therefore have

e > 1p 1 & 1/q
PIRCARELN ( > ¢(§g>) ( > ¢(ng>)

[mexfrs o™t (5 se0) 7} 2 0l
k=1 k=1
00 _l n
a7t (2 s )]
+max{ q El¢nk> } ,,Z=1¢7"‘
such that for n — o
00 hind 1/pf & 1/q
€ su (T e (Z sp)™
As an immediate consequence we have the following

Theorem 3.3. If €8}, .\ € 1y, and {nf}, . € 14, &, 7, 20, the sequence
{(fknk)’}ken belongs to 1, where p~laqgl=r1, p>0, ¢>0, and we bave
ol 1/ i 1 / & 1/q
(£ sem)” <cie.n (I, 9en)" (5 o)™
k=1 k=1 k=1
From this theorem we get a new characterization of ¢-nuclear spaces.
Corollary. For ¢ € ® E is ¢-nuclear if and only if for each positive number

p and each U € U(E) there exists a neighbourbood V € U(E) with V < U such
14
that {8 (v, U) }neNo €1y
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Proof. Given p > 0, choose m € N such that 1 < mp. Since E is ¢-nuclear,
lee U=Uy U,y+++, U_ be chosen such that U, 4, < U, and {8, (U, 4., U )}n‘No

€ly, k€ l0,1,+--, m =1} By the composition formula 3,4, B)8m B, C)>
8, 4,4, C) for sets A, B, CCE with A<B<C, we have
m -1 1
8, 0,05 §(T] @,y 0) ).
. k=0 ‘
Hence by Theorem 3.3,

) m m-1 oo
(Z p6 (W , u))""')) <CJII X 46, (,,,» U)) <o
k

n=0 =0 =0

Thus, since the sequence of n-diameters is decreasing,

00 00 m=1
PR CRUNNNLS T 3 S I (/) R
n=0 n=0 i=0

00
<my 6 (W, ") < w,
n=0
so that {5, (V, UWPY (€ 1y with V= U .
The following characterization of ¢-nuclear spaces can be found in [13, 1.13].

Theorem 3.4. The following assertions are equivalent:

(i) E is ¢-nuclear, ¢ € ®.

(ii) There exists a fundamental system U(E) of neighbourboods in E which
bas the property that for each U € U(E) there exists a V € UWE) with V < U such
that the canonical map E(V, U) of m into {(m is ¢-nuclear.

(iii) There exists a fundamental system U(E) which bas the property that for
each U € U(E) there exists a V € WE) with V < U such that the canonical map
of E'(U%) into E'(V®) is ¢p-nuclear.

(iv) Each fundamental system U(E) has properties (ii) and (iii).

Remark. Since each ¢-nuclear space E, ¢ € O, is nuclear, the fundamental
system U, (E) can be chosen in such a way that E(U) and E'U%), U € U, (B),
are Hilbert spaces. The canonical map of E'(U°) into E'(V°) therefore admits *

.the representation

E(v, Uy : E'(W" = E'(V?)

00
X — Zo 8"(‘,’ U)(xy en)/n
n=
where fe } . (cesp. I/} eNo) is a complete ON system in E'(U?) (resp.

E'(V) and {8 (V, D} oy, € Iy
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4, Universal generators for the variety T(¢. In [13] it is shown that for each
¢ € D the class 7'(¢ of all ¢-nuclear spaces is a variety. We therefore have

Theorem 4.1. For each ¢ € ® the variety T(QS bas a universal generator.

Proof. Since the variety JU of nuclear spaces is singly generated and since
a subvariety of a singly generated variety is again singly generated [3, Corollary
2.8], the variety ﬂd, is singly generated for each ¢ € ®. T(¢) therefore has a
universal generator [3, Theorem 2.11 ].

A deep result of Komura and Komura [7] says that the Fréchet space s of
rapidly decreasing sequences is a universal generator for the variety JU of nuclear
spaces. Modifying the proof of this theorem of Komura and Komura we show that
the power series space /\(ﬁ"t) with Bf =~ log (¢“‘(1/\/TI_1)), keNy, isa
universal generator for the variety 7'(¢ if A(Bd’) is ¢-nuclear.

First we need a lemma which improves a result given in [14, Lemma 1.5 ].

Lemma 4.2. For ¢ € ®, a locally convex space E is ¢-nuclear if and only
if for each p > 0 and for each U € U(E) there exists a neighbourbood Vp € U(E)
with Vp < U such that

zb ¢(<¢" (k_%_i))"ak(vp, u))< oo

Proof. Since ¢(1)= 1, we have (¢~1(1/(k + D))? <1 for each & € N, and
for p > 0. Thus

go $0,(v,, U< é ¢<(¢“(,$))-p8k(vp, u))< o,

i.e., E is ¢-nuclear.

If E is ¢-nuclear there exists for each neighbourhood U € U(E) a neighbour-
hood W < U such that {5, (W, U)!kENo € ly. For p >0 we choose a neighbour-
hood V, € U(E) with V, <W such that

00
2 (6,(v,, )< 27!
k=0
(cf. Corollary 3.3). Using the fact that the sequence {5, (V » Wik eng is decreas-

ing, we obtain (& + 1)¢((8k(vp' W)2) < 2=1 50 that 8V, W< (¢~ N1/ + 2)))?
for £ € N, The desired result then follows from the inequality

go ¢<(¢"<zi—1))°p5k(vp, u)) <2 go ¢((¢"(ZTI+—5))”82 Vo u))

<2 ,i:o ¢<(¢-1<2k1+ 2))“P3k(vp, B, v, u)) <2 kf;o 46,0, 1)< o
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Definition 4.3. For a locally convex space E we denote by A(E), the
diametral dimension of E, the set of all nonnegative sequences 6 = {Sk }ke No
such that for each U € U(E) there exists a V € W(E) with V< U and
lim, _, 8518,(v, U) =0 (cf. [2D.

We then have

Corollary 4.4. For a ¢-nuclear space, ¢ € ®, and for each p > 0 the sequence
o~ 1(1/(k + P, . No belongs to the diametral dimension A(E).

Remark. The condition given in this corollary is not sufficient. Consider the
sequence 0 :=(n+2) log (n +2), n € Ny; the corresponding power series space

Aa) is not B, -nuClear [13, Korollar 3.6 1. But for each p > 0 and for each
{pa"}neuo € P there exists a sequence {0} . of P (take o, = ()" n e Ny
such that

a
lim (¢;‘(.L)) ? (8)" - lim  efPk*1),=ap(k+2)log (k+2)
k=00 og k + 1 g k_.oo.hzko

< lim (k42 =0,
k=00

Lemma 4.5. (i) For ¢ € ® we have I\(ﬁd’) Cs.
(ii) A(ﬁ“b) is nuclear.
(iii) A(ﬁ¢) is ¢-nuclear if and only if there exists m € N such that

00 ) 1 m
z, ¢(<¢ (\/rn)) )<=
Proof. (i) is an immediate consequence of [11, Lemma 3] and of the fact that
for ¢ € @ log (¢=1(1/Vk+ 1)1 > 27 log (k + 1), k € Ny,
(ii) is a consequence of [10, 6.1.5 1.

(iii) is a consequence of [13, Satz 3.6 1.

Lemma 4.6. Let E be a ¢-nuclear space. For each U € U(E) there exists a
sequence {akikGNo of continuous linear functionals a, € E' with U°C
ac {a,, k € No} such that the set

o =1 BT A/VETI) ™™, ke N}
is equicontinuous for each n € N.

Proof. (Zc(A) denotes the closed absolutely convex hull of the set A.) The
proof is a slight modification of the result of Komura and Komura [71. Since E is
¢-nuclear and therefore nuclear we may choose a fundamental system U, (E) of
neighbourhoods such that the spaces E'(U%), U € U, (E), are Hilbert spaces. To
each U € U, (E) and for each 7 € N there is a neighbourhood V € U, (E) with
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V,, <U such that by Theorem 3.4 the canonical map T := E(Vn, U)' admits the
representation

T :E'(U% = E'(v0)

x o 38,V U e
k=0

where {é:}kENo (resp. {/kaeuo is an ON system in E'(U®) (resp. E'(V:)) and

5 (67 () T2 v) = 80 <

(Lemma 4.2). Thus (¢='(1/(k + IN""8,(V_, U)<p_ for each k € Ny From

(v e}) = 0 it follows x = 0, therefore the ON systems le}}, .y, 7 € N, areo

2
. 0 l' eo'
in E'(U°) with

complete in E'(U% = [E(U)];. We orthonormalize the sequence eg. e(l), e}, e

2 2 1 0 f
e}» €3, €5 ey, +++ and obtain a complete ON system {eitieuo

(e, e;.') = 0 for i > max {j2 n*} such that
e, = 22 (el., e;')e;.’ if i>n2.
j i
From the identity €7 =8V , U)f? it follows that
(b ofe))? = T lep eV, V<8, (v, 1)< @711/ Gy + 1?72
n j2i

where iy :=min {m € N: m> /il Since i+1<(ij+1)? we have (¢"l(l/\/:-l.))"'ei
€p,V, fori> nl. By an easy computation we get the inequality
G+ DM ANTF D2 < (@M1 /YT D) so that a (@~ 0/VF+ D)™ €
ppﬂ,'ZV:*.2 for i> n? where a,:=pli +1e; and p = #/\/6. Thus the set G, =
ta (¢ Ya/yi + D)"": i € Ny} is equicontinuous.

It remains to prove that the polar U® is contained in the closed absolutely
convex hull of {a;: i € Nol. An element a € U° can be written in the form

00 00
a=) (a, ee, = > (a ei)p'l(i + l)'lai
=0 i=0
where 2720 |(a, ))|? < 1. With y, := p~ 1+ 1)"Ua, e) we obtain

f: Iyl g(f) |(a, ei)lz)lﬂp_l(i 1 )1/251.

i20 i=0 i=0 (i + 1)
Thus U° Cac fa;:i € Ngl, and the proof is complete.

Theorem 4.7. A ¢-nuclear space E is (topologically) isomorphic to a subspace
of the product [A(B¢)]', ¢ ed.

Proof. Let U3, =U(E) be a fundamental system of neighbourhoods of 0.
By Lemma 4.6 there exists for each neighbourhood U, € U(E) a sequence
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{ailkeuo of continuous linear functionals a;; € E' with U? C E'c'fai: k€ Nol
such that for each n € N the set

G! =1lal(¢™I(1/VEF TN ": k e Ny}
is equicontinous. We define the linear map K;: E — A(8%) by Kx = lay(My ey 0
Since A(B?®) is nuclear (Lemma 4.5 ) the topology of A(B?) can also be obtained
by the fundamental system of neighbourhoods
). - -f 1 )\

W= {f ~ 16}y, € MBP): 0,00 = sup (¢ (‘/m» I£,1 < 1}
neN, [10, 6.1.3 1. To prove the continuity of K; we have to find for each neigh-
bourhood W, a neighbourhood V, € U(E) such that K(V,)C W,. Since Gi is
equicontinuous we find a neighbourhood V, € U(E) with Gi C V: such that for
each x € V_

i - I \» ;
qn({ak(x)ikeNo)=szp{¢ l( - 1) Iak(x)l}

+

< supfla(x)|:a € Gil < supilp(x)|: b € Vg} =py ()<L

Thus K, is continuous for each i € I. We are not considering the map ki: E(Ul-)
N

- A(B"g) and its dual K : [A(ﬁd’)];, — E'(U?) and prove that U} is the image

of an equicontinuous set in [A(8%)] »- Since

N, 00 . 00
K; ({nk¥k€N0)= 2 ma,= 2 nplk+1e,
k=0 k=0
for {"k!keNo € [A(BQS)],: , U? is the image of the set
o1 -1 - 2
B := {{p (2 +1) ﬂk*keNo' Ic2=0 ln,1° < l}

Putting W =&}, No: SUP 1€R] < 1} we have for each sequence {£}y ey, € W

-1 o -1 a5 12\Y? ¥ 5 v
o7t T G Dl <o (Eoln,,l) > A

£=0 £=0 (k + 1)

LS 1 \V2

<P l(z 2) SuPlf,JSl
k=0 (& +1) k_

i.e. BC WY, thus B is equicontinuous. Therefore the maps K;: E(U,) —'A(ﬁd’)

and I, K;: ;. E(U) — [A(B®)! are open. Since the canonical imbedding

E— 1., E(U)) is a (topological) isomorphism, the imbedding E — ABHN is
a (topological) isomorphism, too.

Corollary. If for ¢ € @ the power series space A(Bd’) is ¢-nuclear then
N(B?®) is a universal generator for the variety Ny of ¢-nuclear spaces.
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The corollary to Theorem 4.7 describes a universal generator for the variety
ﬁd, in case A(Bd’) is ¢-nuclear. It is therefote natural to ask for a concrete
universal generator for the variety J{ o if A(/S‘b) is not ¢-nuclear.

Martineau [8] states that (s)’ is a universal generator for the variety 3'( of
all s-nuclear spaces where s is the space of rapidly decreasing sequences.
Dubinsky and Ramanujan [4] generalized this result by proving that the class
n A@) ™ A(a) a nuclear power series space - is a variety if and only if the sequence
a= fa bpen o satisfies the condition sup, a’ lo on < 0 In this case the universal
generator of JU Ata) 1S [A(@)};. So one might think of [A(B¢)]b being a universal
generator for the variety T(qs if A(B¢) is not ¢-nuclear. But the following example
shows that [A(8®)], does not have to be ¢-nuclear if A(B%) is not ¢-nuclear.

Example. Take ¢ = P+ By Lemma 4.5 (iii), A(ﬁ¢’) is not ¢-nuclear. But
since A(B®) is nuclear (Lemma 4.5 (ii)), we have that [A(Bd’)]' = N'(Q) where

={é={&hen, € AB®): £, > 0} and A'QQ) has its normal topology [6].
Suppose [A(B?)], is p-nuclear; we may find for each sequence {£,}, .y o€ AB®)
with £, >0 a 1 sequence {ﬂk}keu € A(B®) with 1, 2 0 and a sequence
{rdien, € 16 such that &, <1]kpk for each k€ N [13, Satz 3.3 ]. Thus
AB?®) C I¢ Since A(B?%) = U e nyt 16 Vhe — 0! we have

-1
Ciheen, € AB?) < 218 (¢l°2(;ll/§\/f ), o vETT PARTIN
- k
Therefore it is easily seen that A(8%) ¢ I 4> and [A(BP)], is not ¢-nuclear.
For a certain class of functions ¢ € ® we give a result similar to the result
of Dubinsky and Ramanujan.

Lemma 4.8. For l; ={£= {fk}keno €ly: 62 0} the following assertions
are equivalent;
(i) The sequence space A(l;) is ¢-nuclear, ¢ € ®.
(ii) lim sup,_ ((£)~1(VE) < oo,
(iii) For each p >0, lim sup, o (¢(£) ~14(s?) < 0,

Proof. (i) = (ii). Suppose lim sup, g (#(:))~ 14(yE) = o0; then by Lemma 3.1. / oF
I o4y, where oy, € ® with o ¢%(t) V2). On the other hand, since A(I ) is
¢-nuclear, we have that for each sequence £ € [, » there exists a sequence 7 € l¢
and a sequence p € I¢ such that &, < nyp, for k € N, [13, Satz 3.3]. By the
Hélder inequality (Theorem 3.3) we therefore have [ = l dodle

(ii) = (iii). It is easily seen that (iii) is true for p >%4. So letbe 0<p< %
We may choose m € N such that p2™ > 1. From
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it easily follows that lim sup, , ()~ 1(t12™) < 00 and therefore
lim sup, , ((£)) = 1(tP) < oo,

(iii) = (ii). Trivial.

(ii) = (i) is a consequence of Lemma 3.1 and [13, Satz 3.3].

In the sequel we denote by (DW the class of functions ¢ € ® having property
(ii) in Lemma 4.8.

Remark. If A(8?) is ¢-nuclear then, by Lemma 4.5 and Lemma 4.8, ¢ ¢ o,

Theorem 4.9. For ¢ € @ the sequence space A ¢) is a universal generator
for the variety T( of ¢rnuclear spaces.

Proof. By Lemma 4.8 the sequence space AU, ) is ¢-nuclear and therefore
by [13, Satz 2.5] arbitrary products of A(l ) are ¢-nucleat.

Suppose now that E is a ¢-nuclear space. Let U(E) ={U, }, 1 be a fundamen-
tal system of (closed, absolutely convex, and absorbing) neighbourhoods of 0
where | is a suitably determined index set. Since E is ¢-nuclear, by Theorem
3.4 we can find to each U, € WE) a V€ U(E) with V,<U,; such that the
canonical map m of E/(V\) into m is ¢-nuclear and therefore admits
the representation

H(U)=FEv, UJx(v) = > MDDy )y
k=1
B ] (i)
for each/xiV ) € E(v ) where A%}, € g @ al? e [E(V)) , la{” <1, and
y{? € E(U)) with ||y£')|| <1 for each k € N. Thus we can get b(’) € V? for
each k € N so that

= pu W< B WAL <oy &) 3 L.
b i k=l

For i €1 let K E —'A(I;) be defined by Ki(x) = {bii)(x)ikeu. Since for each
sequence {8 *keN € I; we have

Z Ib(')(x)|3 < Pv (x) Z 8, <py (x)¢‘l(§ 163 )),

k=1
it follows that K (x) actually belongs to AU, ) for each x € E. Now let K: E—
I, AUY) = [AG <;,,)]’ defined by Kx ={K (x)l ;e Since K, and K are lmeat, it
follows from (+) that K is a one-to-one map. We are now proving that K,
continuous for each i € I. For an arbitrary sequence {8}, o € I o equivalently,
an arbitrary seminorm p 4 generating the topology of AU ;), we have 27, Ibi")(x)wk
<oy, (x)8, for each i € I where 8 := 2., 8,. Therefore the linear map K, is
continuous. Since the projection P of [A(l 4,)]' onto AU} ) is continuous and
since K; =P, oK we get that K is continuous. To show that K=! is continuous
consxdet the nexghbouthood
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2N CRTAEE CALD WATTCP ).

Then P7'W) =W, isa neighbourhood in the product space [A( ;)]'-. Using (%)
it is easily seen that K~ l(Wi) NECU,, ie., K-! is continuous.
As an immediate consequence of this theorem we have

Corollary. The sequence space A(l; ) is a universal generator for the
variety T(qshs of ¢b8~nuclear spaces where ¢, € ® is given in 2.6 (Example (ii)).

The following tl}eorem gives an idea how functions ¢ € @, can be generated
by a given function ¢ € @,

Theorem 4.10. Let ¢ € ®y. If for a function € ®, (Y(e))~1p(¢) is increas-
ing in (0, =), then € ® satisfies condition (ii) of Lemma 4.8, i.e. € o,

Proof. Since ¢ € @y, the inverse function ¢~ ! exists, is continuous and
strictly increasing in [0, ) with ¢~1(0) = 0. ¢~ 1y(4~1(¢)) is decreasing in
(0, =) because (Y(t))~1¢(r) is increasing; therefore

Yl (s + 1)) . tl/'(¢"!(s +1)

S+t S+t

g Ms+ ) =s

-1 -1
< sl/l(¢s (S» + t'/’(‘ﬁt (t)) - ¢(¢-I(s» + ¢(¢-l(t)),

for s, t € (0, ). Thus ¥ ©$~! is subadditive, and there exists a positive
number ¢ and M € N such that

YWD = 0™ 0 V) < 0 ™M) < My (d)
for 0 <t<e¢ ie. Y € Q.
The following example shows that in addition to the trivial cases ¢p € o,
0<p <1, there are functions ¢ € ® such that ¢ ¢ Dy,

Example. Take the example (iii) in 2.6.
0 for t=0,

i) ={a, exp (~(log 1/1)7) for te (0, t 1

bqt +c for t> 2o

q
with 0<g <1, t, sufficiently small and 4, b ¢ Cq properly chosen. It is easily
seen that

1\¢9
lim Q)P = lim a;l exp (— 3 logl + (log -) )
10 t 1],

l—'O,tSto

= lim exp(s? - ps)=0.

§ =20
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On the other hand we have for each 0<g <1

lin GOV = Lim exp (- (log \/_‘t_.)‘u(log })")

t—0, st

( ('2‘1 — 1\ \Uog 1/6)7
= lim exp ))
t=0, 1t 29

= 00

ie. Y7¢ @, 0<g< 1.
The comresponding power series spaces A(ﬁ"”) are Y?-nuclear for 0< g <1

since
1 m q
v (( "( )) S e @D
k§o A\ VE+1 ) k§0
for m > 2.

By the remark following Lemma 4.8 the ¢-nuclearity of A(ﬁqS) implies
& ¢ Dy, but on the other hand there are functions ¢ € ® with ¢ ¢ @ such that
A(B?) is not ¢-nuclear.
Example.(1) Let ¢: [0, ) —[0, ) be defined as follows:
at+ b for t > t,, t, sufficiently small,
1) == {

a,(log 1/)7% for tel1/r, ), 1/7,), k€N,

where t) =77 1 a b are properly chosen and 7., k € N, are chosen in such a way
that 7, ., > 7, with

i-_-Tk'l'l

The positive numbers @, are chosen in such a way that a,(log r“l)"" =
k=1 -
a,,(logr,,)) ) ie.ay, =a, logr,,, where a, = L.
(i) It is easily seen that the function ¢ is continuous in (0, ) and since

k
- - -1
a,(log7, )7 = (logr, )" I |2 logr,<(logr, )7,
1=

k € N, we may put ¢(0) = 0. The function ¢ is obviously strictly increasing.
Thus by 2.6 it remains to prove that ¢ is subadditive. For s, t € (0, ¢;] we may
assume that s € [r;}iﬂ, r;,}i] and t € [r,;ll, " NforkeN,ic€f2 3,4,
since for s, t € [r;,}l, % 1] (resp. s € [r,:}z, 1;4}1], te [r;,(ll, " 1) it is obvious
that ¢~ 14(¢) <s~1¢(s). We then have

(1) This example was given by Professor S. Rolewicz in a private communication.
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)-—k

-1 -1 = = k-1
TGO <Pl Iy =1 g7y )7 = Th419y 4 (0B 7, 4)

y=k-1 y-k-2

(log 7 (log 7

STh42% 42 k+2 =Te+2% 42 k42

~k=-i -1
<eeesr, a4, Mlogr, ) <sTpls).

Thus ¢~ lg[)(t) is strictly decreasing in (0, ’0] and by the same argument as in
Theorem 4.10. we can show that ¢ is subadditive.
(i) Since in (57}, 72 1] the inverse function of a(log 1/0)7*k is
exp (—(t'lak)m'), for each m € N we have
r

£ 65 5 0

Thus by Lemma 4.5 the corresponding power series space A(ﬁ¢) is not ¢-nuclear.
(iii) But on the other hand for ¢ € [r;}l, " 11 we have

(G By ) = 2%a,llog 1/D)7*a7 (log 1/0)* = 2
and therefore lim, ; (¢(t))1@(y2) = =, ie. ¢ ¢ .
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